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Abstract 

We construct the general pion-nucleon SU(2) Lagrangian including 
both virtual photons and leptons for relativistic baryon chiral pertur- 
^f) ' bation theory up to fourth order. We include the light leptons as ex- 

C ■ plicit dynamical degrees of freedom by introducing new building blocks 

which represent these leptons. 

d 

1 Introduction 

Chiral perturbation theory (ChPT) is an effective field theory of the Stan- 
dard Model at the low energies. The theory was first proposed by Weinberg 
^ ■ PQ and formulated for light mesons by Gasser and Leutwyler [21 [3] when 

external momenta are small relative to the chiral symmetry-breaking scale, 
A ~ 1 GeV. Their formulation was first applied to the mesonic sector and 
later extended to pion-nucleon interactions [3J. 

The general Lagrangian for the purely mesonic sector has been con- 
structed up to sixth order [21 El E] . The inclusion of virtual photons in 
the mesonic Lagrangian was first considered by Urech [7] . He calculated the 
divergences of the generating functional of ChPT including virtual photons 
to one-loop and thus obtained the counterterms necessary in the Lagrangian 
to cancel these divergences. This Lagrangian was then used to calculate the 
one-loop contribution to the meson masses in the isospin limit and thus ob- 
tain the electromagnetic corrections to Dashen's theorem for A.m 2 K — AmJ 
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[7]. Moreover, the Lagrangian also has been used to compute the elec- 
tromagnetic corrections to the S-wave scattering lengths for the processes 
and 7r + 7r —J- 7T°7r [8 J . More recently, both virtual leptons, 
as well as photons, have been included in the effective mesonic Lagrangian 
making possible a complete treatment of electromagnetic isospin-violating 
effects in semileptonic weak processes [9] . This modified Lagrangian was 
then applied to the decays ir — > Ivi and K — > tvi and to obtain the radiative 
corrections to the theoretical decay rates [9]. 

For the pion-nucleon sector, a difficulty comes from the fact that the nu- 
cleon mass does not vanish in the chiral limit, which makes the power count- 
ing scheme different from the meson sector. ChPT and the power counting 
problem in the pion-nucleon sector were first considered by Gasser, Sainio 
and Svarc [4]. Several solutions have been proposed for this power counting 
problem including heavy baryon chiral perturbation theory (HBChPT) [10] 
which has been widely used, see e.g. [IT]. There have also been various 
relativistic approaches suggested, e.g. [T2l [TBI. So far the complete effective 
Lagrangian in the strong pion nucleon sector has been constructed up to 
fourth order in the small momenta [14|. I15| . The Lagrangian with virtual 
photons included has been developed by Miiller and Meifiner [16]. They 
construct the Lagrangian for both relativistic and heavy baryon cases and 
apply their result to calculations of the electromagnetic contributions to the 
nucleon self energy, of the nucleon scalar form factor, and of the 7r°-nucleon 
S-wave scattering lengths. 

The piece that is still missing is the pion-nucleon Lagrangian involv- 
ing virtual leptons. The aim of this work is thus to construct the effective 
pion-nucleon Lagrangian including both virtual photons and leptons. Such 
a Lagrangian is important and necessary for the full treatment of electro- 
magnetic corrections to the weak processes involving pions and nucleons, 
analogous to the treatments in the meson sector of Ref . [TJ 19] . The simplest 
application of our new Lagrangian is to radiative corrections to neutron beta 
decay (or muon capture) which we will discuss in a subsequent paper. 

In Sec. 2, we introduce the new building blocks related to the leptonic 
current and in Sec. 3 we obtain the effective chiral pion-nucleon Lagrangian 
with the inclusion of virtual photons and leptons up to fourth order. 

2 Building blocks 

In SU(2) in the chiral limit where the up and down quark masses go to 
zero the QCD Lagrangian has a SU(2) fi x SU(2) L chiral symmetry which 
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is spontaneously broken to its vectorial subgroup SU(2)y. As a result, the 
pion fields can be described as Goldstone fields (j)i(x) 



" ' vr V2tv 



<j)(x) =J2rMx) = _^ J (1) 

where the Tj's are the Pauli matrices. The Goldstone bosons are incorporated 
in a 2 x 2 matrix-value field U = urv) l = v) l ur which is usually written in 
exponential form as 

TT, S ( ^{XY 

U (xj = exp ' 



where Fq is the pion decay constant in the chiral limit. In the pion-nucleon 
sector the nucleons are described by spinors denoted by ty(x) 

•<*) - ( I ) ■ (3) 

The effective Lagrangian can be formulated as an expansion in powers 
of small momenta as 

''-eft — 7r7r ' 7T7v ' '-■kN ' '-■kN ' '-■kN ' '-■kN ' ■ ■ ■ v / 

where and £^L refer to the effective Lagrangian in mesonic and pion- 
nucleon sectors, respectively. 

The inclusion of virtual photons and leptons leads to new contact terms 
and the Lagrangian is now composed of three parts 

Mi) _ A*) , Mi) , /-(*) (k\ 
''-'strong ^ '-em ~ '-'weak' v > 

In the mesonic sector, the explicit form of the strong Lagrangian is given in 
Ref . [2j Hj . The electromagnetic Lagrangian is given in Ref . E] and the 
weak Lagrangian is given in Ref. [9]. In the pion-nucleon sector, the strong 
and electromagnetic Lagrangians are respectively in Ref. |15j and Ref. [16] 
up to fourth order. 

Notice that the weak Lagrangian for pion-nucleon sector is needed for 
the full treatment of electromagnetic corrections to weak processes. Thus 
in this paper we are concerned with the construction of the terms including 

(i) 

both virtual photons and leptons, i.e. with ^C^-jv weak- 

The most general effective Lagrangian is built from pions (fr(x), nucleons 
&(x), and external scalar s(x), pseudoscalar p(x), vector v(x) and axial 
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vector a(x) fields. The Goldstone bosons are described by ul,,r{4>) an d the 
nucleon by the spinor ^(x), with the transformation properties 

ul(4>) — > OLULHgA)' 1 , 
ur{4>) — > 9rUrK9,4>Y 1 , 
V(x) ^ h(g,4>)^(x), 

2 = (SL,5fl)eSU(2) L xSU(2) R (6) 

where h(g, 4>) is the compensator defining a nonlinear realization of G. 
One constructs the building blocks involving external sources as follows: 

S% = ^ r F^ur±u[f^u l , 
,t v „ r -i_„t v t. 



with 



X± = WfiX^L ± *4,*Vr (7) 

In = o M , (8) 

= % + o M , (9) 

= ^-^-^[1,,/,], (10) 

= durv-dvTp-iyr^Tv], (11) 

X = 2B (s + ip). (12) 

The building blocks in Eq. (J7J) all transform chirally as 

X^hig^Xhig,^)- 1 . (13) 
Covariant derivatives are defined as 

v^x = d^x + ir^x], (14) 

V„tf = d^ + T^ (15) 
for quantities transforming as X above or as \I/ respectively, where 

r ^ = ~ ir v) u R + u l(^ ~ ^)^l]- (16) 

When virtual photons are considered, one must introduce additional 
building blocks, or "spurions", which correspond to these virtual photons. 
In the mesonic sector one works with the quark charge matrix 

QZn = J ( o _°! ) < 17 > 
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with the transformation property under chiral SU(2)l x SU(2)r 

QT^qlQTqI QT^9rQT9r- (18) 

In the pion-nucleon sector one uses the nucleon charge matrix instead of 
the quark charge matrix |T7j which is 

QT R =(\ nV US) 



Following Ref. |16] , one redefines the electromagnetic spurions which refer 
to virtual photons as 

QT = \{QT±Q c r}, (20) 

where 

QZr = 4 )R Q e ^L, R . (21) 

Then Q^ 1 transforms under SU(2)l X SU(2)r symmetry in the same way 
as the other building blocks, 

QT^hfafiQThfafi- 1 - (22) 

To include virtual leptons we need to introduce "weak spurions" related 
to the lepton currents. This is the procedure used by Knecht et. al. |9j 
which we follow. Thus we take 

Qt = AQt^L (23) 
which transforms under chiral symmetry as 

Qt^KaA)QtK9AT x - (24) 

In our case, since we work in SU{2) symmetry whereas in Ref. [9J SU(3) 
was used, our weak spur ion is 

Qt = -2V2G F (° Q Vu ^ (25) 

where Gf is the Fermi coupling constant and V u d is the Kobayashi-Maskawa 
matrix element. 

Using this spurion notation we can rewrite the left handed and right 
handed fields in Eq. ([8]) and Eq. ([9]) as 

^ = v^-a^-eQTA^ + jfQt + j^QI^, (26) 
< = v, + a,-eQTA, (27) 
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where 



i; k = EMl-75H, i = e^ (28) 



is the weak leptonic current and where now and represent any addi- 
tional vector and axial currents that might be presented. The contributions 
to processes involving purely external photons and leptons are obtained just 
by replacing and by l'^ and in the strong part of the Lagrangian. 
When we consider virtual photons and leptons however there will be ad- 
ditional terms in the Lagrangian explicitly involving the weak and electro- 
magnetic spurions Q^ k and Q™. 

The resulting Lagrangian must be invariant under the CP transforma- 
tion, so we need to know how the building blocks transform. We find 

gem (gemjT ( 2 9) 

Qwk £P^ ( _gwkt ) T ; (3Q) 

^>r k ^. (31) 

The transformation properties of other quantities are given in Ref. |15j . 



3 The leptonic Lagrangian 

All the building blocks which are necessary to construct the effective La- 
grangian have now been introduced, and we are in a position to combine 
these building blocks to form invariant monomials, using a procedure anal- 
ogous to that of Ref. [16]. We consider first the third order and then 
separately the fourth order effective Lagrangian. 



3.1 Third order 

For the third order leptonic Lagrangian we have to consider terms of the 
general form 

e 2 j^Q^QJ k e^. (32) 

The quantities e and Q^ k both count as order p, so for a third order result 
0^ must be of order p°. Possibilities for 0^ are 7 M , 7^75, V M , 75 V M and 
(j^V^, where the V^ 1 acts on \f or ty. Covariant derivatives acting on the 
Q^m, Qwk Qr jwk are Q £ orc [ er p anc i so are no t included because they are 

higher order. 
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The possible combinations involving the product of Q^ 11 and Q^ k can 
be rewritten in terms of commutators, anticommutators, and single and 
multiple traces as 

[QT,Ql% (33) 
{QT,Ql k }, (34) 
(QT)Qt, (35) 

QT(Ql k ), (36) 

(QTQl k ), (37) 
(QT)(Ql k )- (38) 

From the definitions of Q!_ m and QJ k in Eq. (|2DJ and Eq. (J23J , and using the 
specific choices of Eq. (gfy and Eq. (J25J, one sees that (Q ™) = (Q^ k ) = 
so terms involving those traces do not contribute. The anticommutator of 
two matrices can be written in terms of their traces as 



which leads to 



{A,B} = A{B) + {A)B + (AB)-(A){B) (39) 

{QT,QI k } = (QT)Ql k + (QTQl k )^ (40) 

| Q cm )Q wkj = ( Qcm g wk ) (41) 

and allows us to eliminate two of the possibilities as not independent. Thus 
all possible independent chiral invariant terms can be written as 



{ [QT,Ql k ] 

(QT)Ql k J-e^ + h.c. (42) 



emnwk\ 



(QTQ 



However, the leptonic Lagrangian must be not only chiral but also CP 
invariant. Therefore we have to consider the CP transformation properties 
of each term, and construct CP invariant combinations. Once this is done 
we can look again at the possibilities for 0^. The term ct^Vz, involves a 
so we can use the equation of motion (EOM) to express it in terms 
of the other possibilities. Likewise the CP invariant combinations involving 

and 75 V 4 can be shown to be higher order or not independent of the 
other terms using total derivative [5j or EOM arguments. Thus the only 
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remaining independent possibilities for M are 7^ and 7^75. Thus our final 
result for the third order Lagrangian can be written in the form 



£(3) _ 2 F 2 J (3) ilr + hc 



(43) 



where rij are the third order low energy coupling constants (LECs) and the 
O^', are shown in Table. [TJ 



(3) 

Table 1: The monomials 0-^ of third order for the leptonic Lagrangian. 



is the traceless part of the operator Q 



cm 
± ■ 



o 



wk(e' 



■p) 



1 

2 
3 
4 
5 
6 
7 
8 
9 
10 



7 ^wk (Q em Q wk ) 
7 ^-wk ( ge 



)Qwk 
Qwkj 
7Mj .wk ( gem Q wk ) 



^ ,;wk [flcm Q w ^] 



7"J 



wk\ 



wk(gem) Q wk 



7 M 75j™ k [Qr>2i k ] 

7 At 75j7 k (Q e - m QI k > 
7 M 75jf [Q cm , gg] 



3.2 Fourth order 

Consider now the fourth order Lagrangian. By using the same methods as 
in the previous section, we find that the general structure of the fourth order 
Lagrangian is the same as for the third order, as shown in Eq. (|42|) . However 
now 0^ must be of order p. The building blocks which are of order p which 
are at our disposal are u u and V u , where V ' v acts on one of the internal 
quantities, ?™ k , Q™ k , or Q*±-. The residual part of 0^, after extracting one 
of these building blocks, takes the form 0^ and is of order p°. 

Possibilities for Q^ u which do not include any additional derivatives are 
g^ v , 5^75, , and e tiua ^a a [s. There is also a second set of possibilities 
which involve derivatives acting on which, recall, are of order jr. These 
include VV U , WV75, ^V u , yW, 7^75 V, 7^75 V, e^jaVp, and 
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Table 2: The monomials Oi :Wk (e 2 p 2 ^ 
grangian, in the limit of no pions. 



of fourth order for the leptonic La- 



O wk (e 2 p 



O wk (e 2 p 



1 
2 

3 

4 

5 

6 
7 



10 



i(V^ k )(Q' 
i(V^j wk 



wk 



*(v^ k )(Q' 



Qwk 
T, 



i(V^j wk 



(7 



(7 



/ " /(V w'« k )(Q+ 



rr"". , „., M 
M y f V7 „"wk 



<;m Q™ k ) 
em Qwk 



wk 



1 )Ql 



<7 f 



Q wk } 



Q e _ m , Q 



11 
12 

13 

14 

15 

16 
17 

18 

19 

20 



^75(V,j- k )(Q c + m Qf 



^75(V,jT k )(g e _ m Qf) 



iwk 



wk 



^75(v^; k )(Qr)Q wk 

»7S(V^ k 

^7 5 (v^ k ) <3- 



fj, /\"*H- i=^L 
^75(V^ k )(Q e _ m Qf 



Qwk 



The next step is to construct CP invariant and Hermitian combinations 
of these possibilities. It is then straightforward, but somewhat tedious, to 
show using total derivative and EOM arguments, just as done for the third 
order case, that all of the possibilities involving derivatives acting on ^ can 
be expressed in terms of the first set of terms, or are of higher order. 

The final set of terms can then be listed and consists of terms with one 
of the four structures without derivatives, one of the five combinations of 
Q^ k and Q c ^ and either u v (taken in all possible orders) or X7 U acting on 
jj[ k , Q^ k , or Qi". Since there are so many terms we will give explicitly only 
the set most useful for standard weak interactions, namely those without 
extra pions. In that limit u v vanishes as do the derivatives acting on Q^ k 
and Q±*. Thus all terms involve V;,j™ k , or actually just d v jj[ . 

Thus in this limit of no pions the fourth order effective Lagrangian is 
given by 

i 

where Sj are the fourth order low-energy coupling constants. The 
monomials are tabulated in Table [2j Note that in the table we have rewritten 
e' iual3 a a i3 as 75 using standard identities. 
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